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1. INTRODUCTION

We consider best approximating the solution to

LIyl = a0 y" + 3 Fixr. 3, ¥') + GG, 3, ¥') = (%) 0

i=1
with initial conditions
y©0) =By, YO =5 ¥)

by polynomials p,(x), in the sense that

I LLy()] — LIpx0)]ll = sup | A(x) — LIpx(¥)] | ©)

is a minimum.
Problems of this type have been considered by many, see [3,4, 5, 6].
The results of this paper generalize results in [3, 4].

2. THE OPERATOR L

We assume that (1) satisfies the following conditions:
(1) The functions Fy(x, y,y") and G(x, y,y’) are continuous at all
points (x, y, ) of [0, c] xR%, 1 < i < n
(i) The functions a(x) and A(x) are continuous on [0, c].

(iii) There exist functions u(x) and ¢(y, y') such that u(x) is bounded
and not zero on a countable set contained in [0, c], ¢(¥, ¥') is continuous at
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all points (y, y') of R%, ¢(y,y") = 0, if and only if, y = O or y’ = 0, and for
some « satisfying (v) below,

G(x, 3, Y)Y | = r [ u(x)$(yr, y'[r)]

for every r > 1.

(iv) There exist functions M(x, y, y’) which are continuous at all
points (x, y, ¥') of [0, ¢] xR?, and which for every r > 1, satisfy
| Fi(x, », y)l < r% yT) I

b

M, (x<

~ =

for some o; , 1 < i < n.
(v) The constant « in (jii) is such that « > max(l, o ,..., &,).
Nonlinear operators satisfying conditions (i)~(v) are numerous. For
example, let
LIyl = y" + Uy + 1] + g(x) y43(y')? etiv™+D,
where f(x) and g(x) are continuous on {0, c], and g(x) is not identically zero.
Then
Fy(x, 3, ¥) = F®IYy? + 1},
G(x, y,y) = g(x) y*13(y)? e/*+,
My(x,,¥) = F(x,5,¥),  ulx) = g(x),
and

&y, ¥') = y3(y' 2

The 'constant o = 2,and 2 < o << 10/3.
Also, the operators

Liyl=y + i agx) y*

i=1

and

LI =y + b)Y + @y + Y af@y (Y, i+i>2

1,j=0

satisfy conditions (i)(v), see [3, 4].
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3. THE EXISTENCE OF MINIMIZING POLYNOMIALS

We now establish, for each k& > 1, the existence of a polynomial of degree k
which satisfies (2) and minimize, (3). The following Lemma will be useful
in proving this result.

LEMMA. Let Sy = {(cy, 1) | ¢* + 2 < 1}, and
Sz = {(62 yooes ck) l 022 e ck2 _ 1}

If
pk(x) = Cp -+ X + C2x2 4o Ckxk,

then

min sup | u(x) ¢(pr,pi)l = o >0.

Sl><S2 O0<x<Ce

Proof. Let flco, ¢1 ey ) = SUPg<acce | U(X) $(pi, pi)l. Then fis a
continuous function on the compact set S; X S,. Suppose that
Slco™s...; ™) = o is the minimum value of fon S; x S,. If ¢ = 0, then
from (iii),

éLp:*, (p:*)'] = 0 on a countable set,
where
P¥(x) = co® + or*x + o + o ¥xE

Therefore, either p,*(x) = 0 or (p,*) (x) = 0. This contradicts the linear
independence of {1, x, x%,..., x*}. Therefore, ¢ > 0.

THEOREM 1. Let (1) satisfy conditions (1)~(v). Then there exists a linear
combination p,(x) of {1, x, x*,..., x*} such that (2) is satisfied, and such that (3) is
minimized among all sums of this type.

Proof. It is clear that every p,(x) of the type considered here, must be of
the form

pux) = Bo + Bux + cx® 4 o 4 opxP.
According to Young’s criterion ([2], p. 156), it is sufficient to show that
I LIpeOl < M C))

implies that ¢;2 + ¢ + - + ;2 < N, where M and N are positive constants
which are independent of the ¢;’s. Inequality (4) implies that

| GO, py s 0N <M+ |a(x) | | pp | + X | Fx,p,, 2
i=1
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Suppose that |a(x)| < A4 on [0,¢]. Let r® = ¢,2 + ¢,2 -+ - + ¢, and
assume that r? > max(1, 8,2 4+ B;?). Then (iii) and (iv) imply that

r u)| | $p,r py 10 < M+ rA | plir |+ 3 1o | Mx, pjr, /1P
=1

Therefore, the Lemma and properties (iii) and (iv) imply that

o <M+ rdP + Y r¥K;, &)

i=1

where | pi(x)/r| < P, and | M(x, pi/r, p:’ /1) < K;, 0 < x < ¢. We note

that P and K are positive constants which are independent of the ¢;’s.
Because of (v), we may write « in the form o = a* - ¢, where

a* > max(l, oy ,..., a,), and where € > 0. Therefore, from (5) we have that

< Mre* + APjre*1 4 Z

(©)

ra*—a‘
Since r > 1, inequality (6) implies that r¢ < N*, where N* is independent
of the ¢;’s. Therefore,

r? < max[l, B¢? + Bi%, (N*)¥] = N.

completing the proof.

4. CONVERGENCE OF SEQUENCES OF APPROXIMATING POLYNOMIALS

In order to arrive at the concluding theorem of this paper, we need an
intermediate theorem. First, if b = (i, , hy), then || hil, = | A | + | A2 |.

THEOREM 2 Let W = (wl ’ Wg), F(xa W) = [.fl(xs Wi, Wz)afz(xa Wy, WZ)],
and let {F,(x, W)} be a sequence of functions mapping [0, c] X R® into R®
such that

lim || Fyx, W) — FGx, W)l = 0,
uniformly on every compact subset of [0, c] X R®. Let W(x) be a solution of
W' = Fy(x, W), W) = (B, B

on [0, c].
If W(x) is the unique solution of

W' = F(x, W), W) = (B , B
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over [0, c], then
lim || Wi(x) — W(x)ll. = 0,

uniformly for 0 < x < c.

The proof of this theorem is essentially that given in [1] and is omitted.
We now state and prove the main theorem of this section.

THEOREM 3. Suppose that there is a unique solution y(x) over [0, c],
to (1) and (2), with a(x) = 1. If, for k = 1, 2,..., p(x) is a polynomial of
degree k which satisfies (2) and minimizes (3), then pi(x), pi'(x), and py(x)
converge uniformly throughout [0, c] to y(x), y'(x), and y"(x), respectively,
as k — oo.

Proof. By an extension of the Weierstrass theorem, there exists a
polynomial ¢,(x) of degree k, k = 1, 2,..., such that

g?(0) = y“0), j=0,1,and such that
Il~1—>r2 qlij)(X) == y(j)(x): Jj= 0’ 13 23 (7)
uniformly over {0, c]. Therefore,
| L{y()] — LIpex)N < I L[¥(x)] — Ligu(x)1l. ®
But
Lyx)] — Llg,0)] = »" — q; + Y [Fi(x, », V") — F(x, q, , ¢;)]
i=1

+ G(x, Y, y,) - G(xa 9r » qkl)
Thus,

| LIy — Ligg@l < 157 — g2l + 3 1 F% 3 ¥') — Fix g2 )1
i=1
+ “ G(xa Vs .V') - G(x9 qr qk’)”
Therefore, (i) and (7) imply that
lim || L{y(x)] — L{gu(x)][ = 0, )

uniformly over [0, c].
Let

LIyl — Lpix)] = ex(x). (10)
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Then (8) and (9) imply that
lim e(x) = 0, an

uniformly over [0, c]. The system (1) and (2) may be written as

Y= h(x) — 3, F{x,9,¥) — G(x, ¥,

i=1
y0) =By, YO0 =5.
This system is equivalent to the vector problem
W' = F(X, W)7 W(O) = (:80 s Bl)s (12)

where W = (w; , w,), and where
Fe, W) = [wo, h() — 3 Fix, wy 5 wo) — G, wy , wo).
i=1
From (10) we have that p,(x) is a solution to the differential system

Y = h(x) — fFi(x, »ny)—G(x, ") — efx),

=1
y0) =By, YO0 =p.
This system is equivalent to the vector problem
W = Fk(x’ W)a W(O) = (/30 s Bl)3 (13)

where
Fiue, ) = o, 02) — 3. i, w2 ) — Gx, wy ) — ()],

It follows from (11), (12), and (13) that
lim [|F(x, W) — Fu(xe, W)l = .
Therefore, by Theorem 2, we conclude that
lim [ y0x) — p¥) + [ V() —p'(¥)] =0, O0<x<ec (14
But
D AN i [Fi(%, Py » P) — Fi(%, 3, 9]

i=1

+ G(x, pr, pr’) — G(x, ¥, ¥').
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Therefore, (11) and (14) imply that

fm 1)) — Pl =0, 0<x<e

completing the proof.
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